In this paper, we discuss the continuous dependence of mild solutions on initial values and orders for the initial value problem of fractional evolution equations in infinite dimensional spaces. The results obtained in this paper improve and extend some related conclusions on this topic. This paper can be considered as a contribution to this emerging field.
Introduction
Fractional differential equations have recently come to be considered to be a very powerful tool to help scientists explore the hidden properties of the dynamics of complex systems in various fields of sciences and engineering. In recent years, fractional differential equations played the key role of a fundamental, efficient, and convenient theoretical framework for more adequate modeling of complex dynamic processes. Indeed, we can find numerous applications in viscoelasticity, electromagnetism, diffusion, control, mechanics, physics, signal processing, chemistry, bioengineering, medicine, and in many other areas. For more details as regards fractional differential equations we refer to the monographs by Miller and Ross [], Podlubny [] and Kilbas et al. [] , the papers by Eidelman and Kochubei [] and Lakshmikantham and Vatsala [] , and the survey by Agarwal et al. [] .
In this paper, we are concerned with the continuous dependence of mild solutions on initial values and orders for the initial value problem (IVP) of the fractional evolution equation
In recent years, there has been a significant development in the theory of fractional evolution equations. Due to fractional semilinear evolution equations being abstract formulations for many problems arising in engineering and physics, fractional evolution equations However, we observed that all of the existing articles are only devoted to the study of the existence, uniqueness, and controllability of mild solutions for fractional evolution equations; up to now the continuous dependence of mild solutions on parameters for fractional evolution equations has not been considered in the literature. In order to fill this gap, we are concerned with the continuous dependence of mild solutions on the initial values and orders for IVP (.).
Preliminaries
In this section, we introduce some notations, definitions, and preliminary facts which are used in the sequel.
Let E be a Banach space with the norm · and let a >  be a constant. We denote by C( [, a] , E) the Banach space of all continuous E-value functions on interval [, a] with the supnorm u C = sup t∈ [,a] 
u(t) . Throughout this paper, we assume that A : D(A) ⊂ E → E is a closed linear operator and -A generates a uniformly bounded
, where L(E) stands for the Banach space of all linear and bounded operators in E. For more details of the theory of operator semigroups, see [] .
Let  < α < . The Caputo fractional order derivative of order α with the lower limit  for a function
where stands for the gamma function, and the fractional integral of order α >  with the lower limit  for a function u is defined as
If u is an abstract function with values in E, then the integrals which appear in (.) and (.) are taken in Bochner's sense. For the details as regards the definitions of fractional derivative and integral, please see [-].
where
is a function of Wright type defined on (, ∞) which satisfies
The following lemma will be of fundamental importance in what follows (see [, ] ).
Lemma . The operators T q (t) (t ≥ ) and S α (t) (t ≥ ) have the following properties:
() For every fixed t ≥ , T α (t) and S α (t) are linear bounded operators, i.e.,
In what follows, we recall the following Gronwall-Bellman type inequalities, which can be used in fractional differential equations and integral equations with singular kernel.
Lemma . ([]) Suppose that m > , n ≥ , and q > . If u(t) is nonnegative and locally integrable on
where E q is the Mittag-Leffler function defined by
is a nonnegative function locally integrable on  ≤ t < C and n(t) is a nonnegative, nondecreasing, continuous function defined on
, and suppose u(t) is nonnegative and locally integrable on  ≤ t < C with
Main results
In this section, we state and prove the main results of this paper. We suppose that the nonlinear term f satisfies the following local Lipschitz condition:
(H f ) For any t >  and constant r > , there exists a positive constant L = L(r, t) such that
for every t ∈ [, t] and all u, v ∈ E satisfying u(t) ≤ r, v(t) ≤ r.
Theorem . Assume that the condition (H f ) is satisfied, then there exists a constant a >  such that IVP (.) has a unique mild solution u on [, a]
. Moreover, for any > , there exists a constant δ >  such that for arbitrary u  ∈ E satisfying u  -u  < δ, the initial value problem (IVP) of the fractional evolution equation
has a unique mild solution u on [, a] and u(t) -u(t) < for every t ∈ [, a].
Proof We first prove the local existence and uniqueness of mild solutions for IVP (.) on interval [, a  ] for an appropriately small constant a  > , which will be given later. Consider the operator F : 
). Let
, E) with center θ and radius R. Set
For any u ∈ R and t ∈ [, a  ], by Lemma .(), (.), (.), and the condition (H f ), we have
Therefore, Fu ∈ R . Thus, we proved that F : R → R is a continuous operator. Now we show that the operator F is a contraction in R . For any u, v ∈ C([, a  ], E), and t ∈ [, a  ], it follows from Lemma .(), (.), (.), and the condition (H f ) that
Thus, by (.) we have
which means that F has a unique fixed point u ∈ R , which is in turn a unique mild solu-
. Using a similar method we can prove that IVP (.) has a unique mild solution u on [, a  ] for appropriate constant a  > . Let a = min{a  , a  }. Then for any t ∈ [, a], u(t) and u(t) are the unique mild solutions of IVP (.) and IVP (.), respectively, and they are given by
Next, we prove the continuous dependence of the mild solutions on the initial values. For any > , choosing δ = (α) ME α (ML(R,a)a α )+ such that u  -u  ≤ δ, where E α is the MittagLeffler function defined by (.). From (.), (.), Lemma .(), and the condition (H f ), we get
. Therefore, by (.) and Lemma . one gets
This completes the proof of Theorem ..
Next, we discuss the continuous dependence of the mild solutions for IVP (.) on the orders.
Theorem . Assume that the condition (H f ) is satisfied, then there exists a constant a >  such that for any  < β < , for IVP (.), and for the IVP of the fractional evolution equation
there exist unique mild solutions u andũ on [, a], respectively, and
Proof By using a similar method to the proof of Theorem ., we can prove that for IVP (.) and IVP (.) there exist unique mild solutions u andũ on [, a] for an appropriate constant a > , respectively, and u andũ are given by (.) and the following integral equation:
Without loss of generality, we may assume that α > β. Then by (.), (.), (.), Lemma .(), and the condition (H f ) one has
By (.), the properties of the Wright type functions h α (·), h β (·), and the semigroup T(t) (t ≥ ), we know that for Remark . The results obtained in this paper can be applied to all kinds of timefractional partial differential equations. Using Theorems . and . one can obtain the continuous dependence results for the concrete fractional partial differential equations. Based on Theorem ., obtained in this paper, we can approximate the solutions of timefractional differential equations by the solutions of integer order differential equations, which are easier to obtain. Therefore, Theorem . gives an approach to obtain an approximate solution of fractional differential equations.
